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Comminution theoryThe breakage characteristics of low rank coals were tested in a laboratory using ECO coal from an Indonesian
mine as the feed material. The grinding test results were used to ﬁt the parameters of the breakage functions
of an existing continuous hammermill model. Themill hold-up, speciﬁc energy and projection rate to the screen
were analyzed to observe the effects of operating conditions. The results indicate that for each underscreen
aperture there exists a characteristic threshold point of the feed rate above which over-grinding occurs. This
threshold point can be used to determine the optimal operating conditions of the breakage process. Additionally,
a scale-up model of the hammer mill is established based on the energy-size relationship to predict the mill
capacity as a function of the mill design and the operating parameters. A comparison between the prediction
from the model and the manufacturer's data illustrates that the model based on Rittinger's theory ﬁts the break-
age characteristics of the hammermill better than themodels based on Bond's andKick's theories. The established
scale-up model agrees well with the manufacturer's test data within an acceptable degree of accuracy.
© 2014 The Authors. Published by Elsevier B.V. Open access under CC BY-NC-ND license.1. Introduction
Low-rank coal (LRC) generally refers to brown coal, lignite and,
occasionally, sub-bituminous coal. Reservoirs of LRC arewell distributed
worldwide and the total amount of LRC is comparable to that of bitumi-
nous coals. Despite its abundance and distribution of reservoirs, LRC has
twomajor drawbacks as a fuel, i.e., the highwater contents and the sus-
ceptibility to spontaneous combustion. Because of these drawbacks, LRC
is generally recognized as a fuel with no value and is partially used as a
base material for some chemical products.
However, increases in oil prices are expected to be prolonged over de-
cades and the utilization of LRC is a potential method to cope with the
global energy crisis in the long-term. Recently LRC has been regarded as
a major source of various clean coal technology processes such as the
ultra clean coal (UCC) I, UCC-II, hyper coal and upgraded brown coal
(UBC) processes. To meet the requirements for environmental quality
and efﬁciency standards, all of these processes require proper designing
of beneﬁciation or chemical treatments to remove moisture, ash and
the functional oxygen group which is a major cause of spontaneous
combustion.
The ﬁrst stage of coal beneﬁciation is comminution, a process of
breaking a large mass into ﬁne particles. Comminution is one of the
most energy intensive unit operations in coal processing. During crusher. Open access under CC BY-NC-ND licor mill operation, only a small fraction of the energy is used for actual
breakage and the rest is absorbed into the machine and lost. The total
cost of the beneﬁciation procedure strongly depends on the efﬁciency
of comminution process. Thus, designing an energy efﬁcient comminu-
tion process plays an important role in the coal beneﬁciation process in
minimizing cost. Selecting the appropriate grinding machine and estab-
lishing the optimal conditions are crucial to increase the efﬁciency of
comminution.
A hammer mill, an impact-type crusher, is one of the most exten-
sively used mills for coal crushing, and it provides high-performance
breakage. A hammer mill provides a high size reduction ratio, i.e., the
ratio of the particle size of the feed to that of the product, by just a single
stage of breaking, without having stepwise operations or using different
types of grinding equipment for each stage. Another advantage of
using a hammer mill is that given the product size it provides, the
capacity, i.e., throughput per unit time, is very high. A major drawback
of using the hammer mill, the wear and tear of hammers, appears
negligible or less important especially for the crushing of LRC, which is
generally softer than high-rank coal.
To establish the optimal operating conditions of hammer mills, we
employed a mathematical modeling approach, which minimizes the
need for tests under extensive conditions. A frequently used approach
for the breakage modeling is a population balance model (PBM)
which is based on the size-mass balance and the kinetic functions
of breakage. of spontaneous combustionCompared to the empirical
energy-size relationship model, PBM is able to predict the complete
size distributions under given operating conditions.ense.
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Fig. 1. Results of hammer mill batch grinding test with single-size feed (1.18 × 0.83mm).
378 J. Kwon et al. / Powder Technology 256 (2014) 377–384The objective of this study was to investigate the breakage charac-
teristics of LRC by swing hammer mills for use in clean coal technology.
Generally, the appropriate range of particle size distribution for the
brown coal upgrading process is 100–3,000 μm, and thus, the process
considered in this work is designed for this range. To design the optimal
brown coal grinding process to result in the particle size range, we ﬁrst
conducted several grinding tests under various feed rates and screen
sizes. The grinding test results were used to determine the ideal parame-
ters, which comprise breakage functions of the continuous hammer mill
model by Austin et al. [1]. Compared to the widely used PBM employed
for a ball mill and semi-autogenous (SAG) mill, it is questionable for
practical reasons to determine the parameters of the hammermill break-
age model from a batch grinding test. Therefore, we used a non-linear
programming approach. The reliability of the back calculations was also
improved by reducing the number of objective parameters in the pro-
gramming method; some parameters were determined using the rela-
tionship among different experimental data sets (details are presented
in Sections 2 and 3).
The mill hold-up, speciﬁc energy and projection rate to the screen
were analyzed to evaluate the effects of the operating conditions.
Next, to scale-up the hammer mill, a model is established to predict
the mill capacity depending on mill size, rotational speed, size of the
feed materials, and objective product size. The prediction of the mill
capacity by the model was compared to manufacturer's technical data
sets from three different companies.
2. Model description
The continuous hammer mill model by Austin et al. [1] was used in
this work. The equation of the fully mixed grinding model is
pi ¼ f i−γi þ
Xi−1
j¼1
bijγ j ð1Þ
where
γi ¼ Simiτ ð2Þ
Balancing the mass in each size interval between the mill hold-up
and the product for gives
pi ¼ r 1−sið Þmiτ ð3Þ
Combining Eqs. (1) and (3) gives
γi ¼
f i þ
Xi−1
j¼1bijγ j
1þ r 1−sið Þ=Si
ð4Þ
The functional form of Si and Bij, which is the cumulative form of bij
generally ﬁts the following parametric equations [2,3]
Si ¼ A
xi
xo
 α
ð5Þ
Bij ¼
1 ; 1≤ i≤ j
φ
xi−1
xj
 !γ
þ 1−φð Þ xi−1
xj
 !β
; n≥ iN j≥1
8><
>: ð6ÞThe selectivity function si we used in this work has the parametric
form as below.
si ¼
1
1þ x50xi
 λ ð7Þ
For a known Si, Bij and r(1− si), its possible to calculateγi sequentially
starting at i=1. Then, the product distribution pi can be predicted using
Eq. (3). Typically, the parameters for the functions S andB can be estimat-
ed using, a one-size-fraction feed that uses ﬁrst order kinetics [3], and so-
called BII method [4], respectively. However, for the case of hammer
mills, particle breakage occurs in a small amount of time and the mea-
surement of the ﬁrst-order kinetic rate and the primary breakage distri-
bution based on these approaches is questionable. From a laboratory-
scale test result (Fig. 1), given that 99% of the material is broken within
1 s, we concluded that the determination of the functions S and, especial-
ly, B froma batch grinding test is inappropriate for hammermills because
of practical reasons. Instead,we used a back-calculationmethod that em-
ploys a non-linear optimization technique. This technique obtains the
breakage parameters that minimize the sum of the squares of the differ-
ences between the experimental and calculated size distribution data.
To minimize interference among the parameters and to increase the
reliability of the back-calculation, it is necessary to reduce the number
of the unknowns. To this end, the parameters related to the underscreen
classiﬁcationwere determined not by back calculation but by ﬁtting the
experimental results via the comparison between the size distribution
of the product and the mill hold-up using Eq. (3) and τ=W/F. The re-
liability of themeasurements and the calculation of the selectivity func-
tion will be discussed in Section 3.3.
3. Experiment and breakage modeling
3.1. Experimental method
A vertical rotary swing hammer mill was used for the experiment.
The conﬁguration and operating conditions of the hammer mill are
listed in Table 1. ECO coal from Indonesia was used as the feedmaterial.
To investigate the inﬂuence of the size distribution of the feed coal, the
coal is classiﬁed by size using√2 US standard sieves and recombined in
several ways tomake different size distributions. Five different feed size
compositions (Fig. 2) were used to investigate the inﬂuence of the feed
size distribution. For all the other experiments, only FeedNo.3was used.
A vibrating feederwas chosen to put coals into themill. Because of the
inherent difﬁculty in precisely controlling the feed rate when using vi-
brating feeders, the feed rate was determined retrospectively by being
Table 1
Conﬁguration and operating condition of the swing hammer mill used in this work.
Parameter Value Unit
Mill length 360 mm
Mill diameter 270 mm
Rotor rpm 1260 min−1
Hammer tip speed 16 m/s
Number of hammers 3 ea
Underscreen aperture 3.2, 9.6, 3.2 mm
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379J. Kwon et al. / Powder Technology 256 (2014) 377–384measured after each test. Underscreens of three different apertures, 3.2,
4.8, and 9.6 mm were used. The feed rate varied from 215–741,
199–854 and 187–1608 kg/h for 3.2, 4.8 and 9.6mmscreens respectively.
To ensure a steady state ofmilling, the breakage productwas sampled
after threeminutes of operation from the starting, and then the operation
was stopped. At the same time with the stopping, the underscreen was
sealed to prevent particles in the mill hold-up from passing through the
screen. Then, the mill hold up was sampled and its size distribution was
measured. The accuracy of the measured mill hold up is not always reli-
able, especially if the swing hammers take a long time to halt [5]. The
mill used in this work was a laboratory-scale mill, which takes less than
5 s for the hammers to become stationary, and thus, the loss in the
hold-up during the stopping operationwas reasonably assumed to be in-
signiﬁcant and the error of the measured mill hold-up was considered to
be negligible.
3.2. Experimental results
The resultant size distributions of the products and the mean resi-
dence time from the measured hold-up and feed rate, i.e.,τ=W/F, for
ﬁve different feeds are plotted in Figs. 3 and 4, respectively. The experi-
ments were controlled to minimize the variation of the feed rate (within
10 %). The results indicate that for the particle size range applied in this
work, the inﬂuence of the feed size distribution to the product size distri-
bution and capacity is negligible.
The mean residence time for different feed rates and screen sizes is
plotted in Fig. 5. For each underscreen size, there exists a threshold
point Fc of the feed rate above which the hold-up and the mean resi-
dence time signiﬁcantly increase, e.g., approximately 500 kg/h for the
3.2 mm, 4.8 mm screen and 800 kg/h for the 9.6 mm screen. It is self-
evident that as the mean residence time increases, the speciﬁc energy
increases. Hammer mills are impact crushers for intermediate sizes
and the breakage of particle into the objective particle size occurs in a
small amount of time. An increase in themean residence time can result
in over-grinding, rendering the grinding inefﬁcient in terms of energy.
The analysis of the particle size distribution reveals that the fraction ofSize, mm
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Fig. 2. Size distributions of feed coal.
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Fig. 3. Resultant size distribution of product for varied feed size distributions: (a) xs =
3.2 mm, (b) xs = 4.8 mm, and (c) xs = 9.6 mm.ﬁne particles that are over-grinded to sizes ﬁner than 0.1 mm also
increases signiﬁcantly near the above-mentioned threshold point of
the feed rate Fc (Fig. 6).
3.3. Determination of si
As discussed in Section 2, prior to the back calculation of parameters
for the functions S and B, r and the parameters for si were determined
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380 J. Kwon et al. / Powder Technology 256 (2014) 377–384using Eq. (3) and the measured values of pi,mi, r and τ. rwasmeasured
by comparing the fraction of the size interval 72–102 μm in the hold-up
and the product.
The resultant selectivity function si is presented in Fig. 7. The
small deviations in the results indicate that it is reasonably accurate
to determine r and si by ﬁtting the experimental data. For each screen
size, the selectivity function values from four different sets of exper-
imental results correspond well within an acceptable degree of
deviation.
The r values from the measured hold-up are plotted in Fig. 8,
which also clearly shows the existence of the threshold point Fc. To
obtain optimal performance and prevent over-grinding, the hammer
mill should be operated at a feed rate close to the threshold point Fc.
The quantitative relationship between the screen size and Fc is
unclear and detailed experiments to establish the empirical relation-
ship will be carried out in the future. For the case of xs =9.6 mm, the
absolute amount of mill hold-up and the mean residence time are
maintained sufﬁciently low within the feed rate range adopted in
this work, and signiﬁcant changes in physical properties near the
threshold point is not observed.3.4. Back calculation and simulation results
The simplex method [6] was used to determine the optimum
values for ﬁve parameters: A, α, φ, γ and β. The back-calculation re-
sults provide the following values: A = 2.813 s−1 (xo = 1.18 mm)Feed rate F, kg/h
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Fig. 5.Mean residence time (τ=W/F) for varied feed rates and screen sizes.α, =1.3, φ=0.7, γ=0.85 and β= 3.35. Table 2 lists the parameters
back-calculated from various initial guesses. The solution of ﬁve
parameters obtained from the back calculation with ﬁve different
initial guesses converges; this indicates that the solution obtained
from the back calculation is unique. Fig. 9 depicts the comparison
between the simulated size distribution and the experimental results.
The experimental and simulated results reasonably agree, meaning that
the estimated parameters were accurate. The “jump” near the critical
point Fc also is clearly visible from the product size distributions in
Fig. 9(a) and (b).
4. Scale-up model of hammer mill
The term “scale-up model” used in this work refers to the quantita-
tive relationship between the mill production rate and the design/
operating parameters, e.g., the rotor diameter, rpm, size of the feed
material, and objective product size. The establishment of this mathe-
matical relationship provides a prediction of production capacity
under a given mill dimension and operating conditions.
In terms of the energy, the production rate of a mill can be described
as below.
production rate Q ¼ net power used for grinding Pnet
energy required for unit mass production Esp
ð8Þ
To substitute the variables of energy in Eq. (8) into the design/
operating parameters of interest, three widely-used conventional com-
minution theories that supply the quantitative relationships between
energy and size reduction were considered. Rittinger's theory is based
on the assumption that the energy required for grinding is proportional
to the new surface created [7].
Esp ¼ KR
1
d
− 1
do
 
ð9Þ
Based on the stress analysis of plastic deformation under the elastic
limit, Kick’s theory states that the energy required for grinding is constant
for a constant reduction ratio, which is the ratio of the feed particle size to
the product particle size [8].
Esp ¼ KKln do=dð Þ ð10Þ
r,
 h
-
1
100
150
200
250
300
381J. Kwon et al. / Powder Technology 256 (2014) 377–384Bond's third theory of comminution states that the energy required
for grinding is proportional to the length of new cracks formed. The
resulting equation is represented as below [9]:
Esp ¼ Wi
10ﬃﬃﬃ
d
p − 10ﬃﬃﬃﬃﬃ
do
p
 !
ð11Þ
Although many different sources cite these three as “laws”, the
theories have continuously been the subject of controversy. BecauseSize, mm
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Fig. 7. Selectivity function from the experimental data ﬁtting.
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Fig. 8. r for varied feed rates and screen sizes.of the difference in the fundamental hypotheses for these three
models, the validity of these models highly depends on the breakage
mechanism and especially the particle size range. As inferred by
Hukki [10], these theories are special forms of the same differential
equation proposed by Walker et al. [11] as below:
dEsp ¼−C
dx
xn
ð12Þ
Note that n is 2 for Rittinger's, 1 for Kick's and 1.5 for Bond's equa-
tions. The functional form of the exponent n with respect to the size x
was also proposed by Morrell [12]. However, using this model adds
uncertainty because of the additional parameters and thus will not be
discussed in this work.
The measurement or the prediction of the net grinding power Pnet
is not straightforward. Most of the energy injected into the mill is
dissipated as heat and sound, and only a small fraction of the energy
is used for grinding. For simplicity, we began with two basic physical
assumptions.
- The net power, or net energy used for grinding is proportional to the
total energy consumption in a hammer mill.
- The energy consumption in amill is proportional to the kinetic ener-
gy of the swing hammers.
The resultant equation is the relation as below
Pnet ¼ comhD2ω2 ð13ÞTable 2
Results of breakage parameters from simplex method using ﬁve different sets of initial
guesses.
Initial guess
A 2 2 3 3 2
α 2 1 1 1.5 1.5
φ 0.5 0.8 0.5 0.8 0.5
γ 0.5 1 0.5 1 0.5
β 2 4 2 2 4
Back-calculation result
A 2.75 2.84 2.76 2.88 2.84
α 1.26 1.34 1.31 1.28 1.35
φ 0.68 0.72 0.7 0.74 0.66
γ 0.87 0.85 0.84 0.88 0.84
β 3.50 3.68 2.81 2.65 4.12
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Fig. 9. Comparison of the experimental and the simulated product size distributions:
(a) xs = 3.2 mm, (b) xs = 2.8 mm, and (c) xs = 9.6 mm.
382 J. Kwon et al. / Powder Technology 256 (2014) 377–384Combining Eq. (13) and the three models in Eqs. (8)–(10) into (7)
gives
Q ¼ c1
dmhD
2ω2
1−1=rrð Þ ð14Þ
Q ¼ c2
mhD
2ω2
ln rrð Þ ð15Þ
Q ¼ c3
ﬃﬃﬃ
d
p
mhD
2ω2
1−
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1=rr
p  ð16Þ
To reduce the parameters in the equations above, we can assume
thatmh is proportional to the mill dimension.
mh ¼ cD3 ð17Þ
Combining Eq. (17) and Eqs. (14)–(16) gives
Q ¼ c
0
1
dD5ω2
1−1=rrð Þ ð18Þ
Q ¼ c
0
2
D5ω2
ln rrð Þ ð19Þ
Q ¼ c
0
3
ﬃﬃﬃ
d
p
D5ω2
1−
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1=rr
p  ð20Þ
One of the practical difﬁculties in investigating the physical validity
of these models is that there is no well-organized data with varied
design/operation parameters. Therefore, such data have to be collected
from different industrial sources, which will inevitably have uncon-
trolled extraneous variables such as the efﬁciency of the machine itself
and the difference in the strength of the feed materials. In this work,
we compared the capacity predictions of Eqs. (18)–(20) with the
manufacturer's reference data, which include the performance test
data of 33 hammer mills from three industrial companies. Although
these data include the uncertainties of extraneous variables mentioned
above, statistical comparison between these data and the models still
can provide a meaningful validation of the models.
Fig. 10 depicts the results of the comparison. The result shows that
the scale-up model based on Rittinger's theory ﬁts the data better
than the other two models. All the data points are within a band of
deviation of 0.25 on a log–log scale graph which corresponds to a factor
of 1.78 (100.25) (Fig. 10(a)) and is a reasonable range given the extrane-
ous variables of the data sets from the three different companies. Note
that for the case of each data set from identical company, data points
are located on a single line graph with the slope of 1 with small devia-
tions. Bond's theory-based model also corresponds well (Fig. 10(b)),
although it gives a larger deviation compared to the Rittinger's theory-
based model. For the case of Kick's theory-based model, the factor of
deviation i.e., log (y2/y1) exceeds 0.85 and the data exhibits poor
agreement with the model (Fig. 10(c)). The particle size ranges of
the feed and the product of the hammer mill are of the order of
102–105 μm. According to many previous studies, the exponent n in
Eq. (12) within this size range has a value between 2 (Rittinger) and
1.5 (Bond). The established scale-up model based on Rittinger's theory
agrees well with the manufacturer's test data within an acceptable
degree of accuracy.5. Conclusion
Breakage tests were carried out using lignite with a laboratory ham-
mermill. From the back calculation, A= 2.813 s−1 (xo=1.18 mm),
α= 1.3 φ= 0.7, γ= 0.85 and β= 3.35. Three parameters, the mea-
sured mean residence time, the product size distribution, and the r
value consistently illustrate that for each underscreen size, there exists
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Fig. 10. Proportion of measured capacity Q to the hammer mill scale-up model based on
theories by (a) Rittinger, (b) Bond, and (c) Kick.
383J. Kwon et al. / Powder Technology 256 (2014) 377–384a characteristic feed rate threshold point above which over-grinding
occurs. This threshold point can be used to determine the optimal oper-
ating conditions of breakage process.Additionally, a scale-up model of the hammer mill was estab-
lished based on the energy relationship to predict the mill capacity
as a function of the mill design/operating parameters. The compari-
son between the models' predictions and manufacturer's data re-
vealed that the model based on Rittinger's theory ﬁts the breakage
characteristics of the hammer mill better than Bond's or Kick's
theory-based model. The established scale-up model agrees well
with the manufacturer's test data within an acceptable degree of ac-
curacy, and it can be utilized as a tool for mill design and capacity
prediction.
Nomenclature
A parameter of Si in Eq. (5)
Bij cumulative form of bij, i,e., Bij =∑ i = 1n bij
bij weight fraction that appears in size i from the breakage of a
particle of size j
c, co, c1.., c1' , c2' .. proportional coefﬁcients
D mill rotor diameter
d 80% passing size of the product
do 80% passing size of the feed
Esp energy required for unit mass production
F feed rate
fi weight fraction that appears in size i in the feed
i size interval index
j size interval index
KR coefﬁcient for Rittinger's model in Eq. (9)
KK coefﬁcient for Kick's model in Eq. (10)
mi weight fraction that appears in size i in the mill hold up
mh mass of hammer
n exponent in Eq. (12) total number of size intervals in Eq. (6)
Pnet net power used for grinding
pi weight fraction thatppears in size i in the product
Q mill production rate
r rate of the fraction of mill hold up presented to the screen per
unit time
rr size reduction ratio, do/d
Si The speciﬁc rate of breakage of size i
si the fraction of size i which does not pass through the screen
per presentation
W mill hold-up
Wi Bond's work function
xo parameter of Si in Eq. (5)
x50 parameter of si in Eq. (7)
xs screen aperture
xs screen aperture
α parameter of Si in Eq. (5)
β parameter of Bij in Eq. (6)
γ parameter of Bij in Eq. (6)
γi deﬁned in Eq. (2)
φ parameter of Bij in Eq. (6)
λ parameter of si in Eq. (7)
τ mean residence time
ϖ rotational speed (rpm)
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